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Abstract— We demonstrate frequency-resolved optical
gating (FROG) using cascaded second-order nonlinearities
(up-conversion followed by down-conversion). We describe
two different cascaded second-order beam geometries—selfdiffraction and polarization-gate—which are identical to their
third-order nonlinear-optical cousins, except that they use
second-harmonic-generation crystals instead of (weaker) thirdorder materials. Like the corresponding third-order processes,
these new versions of FROG yield the same intuitive traces,
uniquely determine the pulse intensity and phase (without
direction-of-time ambiguity), and yield signal light at the
input-pulse wavelength (which simplifies the required spectral
measurements). Most importantly, however, we show that these
techniques are significantly more sensitive than the corresponding
third-order FROG methods, conveniently allowing, for the first
time, the unambiguous measurement of ultrashort 1-nJ pulses,
that is, unamplified Ti:sapphire oscillator pulses.
Index Terms—Femtosecond, frequency-resolved optical gating
(FROG), ultrafast.

I. AMPLIFIED VERSUS UNAMPLIFIED
ULTRASHORT-LASER-PULSE MEASUREMENT

T

HE RECENT development of techniques for measuring the intensity and phase of ultrashort-laser pulses
has benefitted amplified ( J) pulses more than unamplified
( nJ) pulses. For amplified-pulse measurement, the most
commonly used method, frequency-resolved optical gating
(FROG) [1]–[4], typically uses third-order nonlinear-optical
processes, which generate highly intuitive spectrograms and
yield unambiguous measurements. Third-order processes are
not strong enough to allow FROG measurements of unamplified pulses, however. As a result, FROG measurements of
unamplified pulses require the use of a second-order process,
that is, second-harmonic generation (SHG), to obtain sufficient sensitivity [3]. While it has some advantages, SHG
FROG unfortunately yields unintuitive traces (See Fig. 1) and
direction-of-time ambiguity. Unlike third-order methods, it
involves detection at the second harmonic of the input-pulse
wavelength (usually the UV), where wavelength-dependent
responses in optics, spectrometers, and detectors are more
likely to bias the measurement. As a result, the measurement
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of unamplified pulses is less convenient and more susceptible
to error than the measurement of amplified pulses.
The use of the surprisingly strong surface third-harmonicgeneration (THG) [5] effect attains sufficient sensitivity to
measure unamplified pulses (and it has succeeded in this
endeavor), but it requires detection at an even shorter wavelength. And, while THG FROG lacks direction-of-time ambiguity, its traces are only slightly asymmetrical and hence not as
intuitive as those of other third-order FROG methods. In addition, surface THG FROG requires overlapping beams focused
to few-micrometer spots. While surface THG FROG appears
useful for measuring extremely short pulses (due to its extremely short interaction length and hence large bandwidth), it
is not quite as convenient as other third-order FROG methods.
In this paper, we propose and demonstrate a method that
achieves all of the desired goals: intuitive traces, completely
unambiguous intensity-and-phase measurement, signal light
at the fundamental wavelength, and sufficient sensitivity to
measure unamplified Ti:sapphire laser-oscillator pulses. It is
effects for the optical nonlinearity,
FROG using cascaded
specifically, up-conversion followed by down-conversion.
II. CASCADED SECOND-ORDER NONLINEARITIES
Cascaded
(CC) effects simulate third-order nonlinearities but are significantly stronger [6]–[8]. A number of
applications requiring greater signal strength than is available
from third-order materials have been proposed and demonstrated using CC effects. Typically, CC effects involve SHG of
one beam, followed by a down-conversion process involving
the newly created second harmonic and another beam at
the fundamental frequency. The signal beam is then at the
fundamental frequency. The two processes are typically not simultaneously phase-matched, but can be approximately phasematched, yielding an overall efficiency that is approximately
the square of the SHG efficiency. This efficiency can be coneffect.
siderably greater than that available from a single
We will show that simply by using a SHG FROG apparatus,
where, instead of detecting the second-harmonic, we detect
an additional “self-diffracted” beam that is simultaneously
created but not usually considered (see Fig. 2), we can perform
an effective third-order FROG measurement of a pulse. This
additional beam was first studied by Danielius et al. [6] who
showed that, in a two-beam geometry, SHG of the first beam
can be followed by a down-conversion process involving that
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Fig. 1. Comparison of SHG, PG, and SD FROG traces for linearly chirped and unchirped pulses. Note that PG and SD FROG traces are tilted in accordance
with the frequency-versus-time curve of the pulse (SD FROG traces are twice as sloped as PG FROG traces for linearly chirped pulses), while SHG FROG
traces are not. It is this symmetry in SHG FROG traces that yields the ambiguity in the direction of time in SHG FROG measurements. (THG FROG
traces for linearly chirped pulses are nearly identical to those of SHG FROG). CC FROG traces are identical to the intuitive SD or PG FROG traces,
depending on the beam geometry chosen, and hence are free of ambiguity.

X

Fig. 2. Schematic diagram of cascaded (2) self-diffraction FROG (CC
SD FROG). In this process, the second harmonic of E (t) combines in a
down-conversion process with E (t  ) to produce the “self-diffracted” beam
of the form, E (t)2 E (t
 )3 . Note also the SHG autocorrelation signal,
E (t)E (t  ), which is also produced and which can be used to make an
SHG FROG trace simultaneously.

0

0

0

second-harmonic beam and the other fundamental input beam
yielding an additional beam at the fundamental wavelength.
This process is analogous to a third-order self-diffraction
process because the signal beam propagates in the direction
, where
is the th beam -vector. No induced
grating occurs, as in the usual self-diffraction process, however. On the other hand, this CC process will occur if the
third-order medium in a standard self-diffraction geometry is
simply replaced with a SHG crystal.
self-diffraction FROG (CC SD FROG) simCascaded
ply involves spectrally resolving this self-diffracted beam for
a range of delays. Thus, a CC SD FROG apparatus can be
created simply by replacing the third-order medium in a SD
FROG apparatus by a SHG crystal. The analogy to SD FROG
is a good one: CC SD FROG traces made in this manner are
mathematically identical to those made using a true third-order

SD FROG beam geometry. As a result, they are quite intuitive,
and, like SD FROG traces, they uniquely determine the pulse
intensity and phase.
In this paper, we also consider a second CC FROG arrangement involving a polarization-gate (PG) beam geometry
(see Fig. 3), and which we will call CC PG FROG. It simply
involves replacing the usual optical-Kerr medium between the
crossed polarizers in a standard optical-Kerr PG arrangement
with a type-II SHG crystal. All other aspects of this geometry
are identical to the usual PG arrangement. In a previous
publication [7], we showed that this arrangement yields optical
switching. Here, we spectrally resolve the signal pulse that
passes through the crossed polarizers to produce a PG FROG
device, precisely as in
PG FROG devices. Again, the
analogy to polarization gating is also valid: traces produced in
this manner are identical to those of PG FROG using a true
third-order medium. Use of a CC process, however, produces
a device that is significantly more sensitive.
Both CC SD FROG and CC PG FROG (which we will
collectively refer to as CC FROG) generate highly intuitive
FROG spectrograms, yield unambiguous measurements, and
involve detection at the input-pulse wavelength. And CC
FROG is sufficently sensitive that it can measure unamplified
Ti:sapphire oscillator pulses. It is trivial to convert an SHG
FROG or SD FROG to a CC SD FROG apparatus, and
it is trivial to convert a PG FROG apparatus to a CC PG
FROG apparatus. Because CC FROG traces are mathematically identical to highly intuitive SD or PG FROG traces (see
Fig. 1), the standard FROG computer algorithm works without
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Fig. 3. Schematic diagram of cascaded (2) polarization-gate FROG (CC PG FROG). Note the type-II SHG autocorrelation signal,
is also produced and which can be used to make an SHG FROG trace simultaneously.
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E (t)E (t 0  ), which

Fig. 4. Schematic diagram of CC SD and CC PG FROG apparatuses. The asterisked components (the polarizers, =2 waveplate, and type-II crystal)
are required only for CC PG FROG and not for CC SD FROG measurements. For CC SD FROG measurements, a type-I or -II crystal was used. For
CC PG FROG measurements, a type-II crystal is required. In both cases, a SHG FROG signal is simultaneously produced. The beam-steering optics
leading to the spectrometer are not shown.

modification for CC FROG traces. Finally, a second-harmonic
beam propagating between the two input pulses is necessarily
simultaneously produced in both CC FROG apparatuses, so
an SHG autocorrelation or SHG FROG trace can easily be
obtained if corroboration is desired or if the laser intensity
drops so that additional sensitivity is required.
III. SPECIFICS

OF

CC FROG

(3)

Consider first CC SD FROG. The second-harmonic field
, is given by
. If
produced by a pulse,
this field then acts in conjunction with a delayed replica of
, in a down-conversion process, as [6] has
the pulse,
shown, the following field results:
(1)
Substituting for

beam angle (about a degree) maintains approximate phasematching in both processes simultaneously. Typically, a type-I
SHG crystal is used and therefore the polarizations of the two
input beams are the same. This field is then spectrally resolved
and detected with a slow energy detector, yielding a measured
CC SD FROG signal of the form

, we have:
(2)

This expression has the same dependence on the fields as
self-diffraction, a third-order process. Indeed, also as in self,
diffraction, the -vector of this field is
and
are the -vectors of
and
,
where
respectively. While the phase-matching properties of the two
second-order processes involved are different, use of a small

It is important to note that a CC SD FROG measurement
is also possible using a type-II crystal when one pulse is
polarized at 45 relative to the other since, in this case, type-II
is created, which then interacts with
(via
SHG of
down-conversion) to generate the type-II SD signal. However,
because it uses the usually smaller effective nonlinearity
associated with type-II processes, and due to the dependence
, it
[7] of the CC signal strength on the fourth power of
is generally preferable to use the stronger type-I process for
CC SD FROG measurements of relatively weak pulses.
We now consider CC PG FROG. Fig. 3 shows a schematic
of the two processes that contribute to this effect. First, a
type-II SHG crystal is placed between the two polarizers
with its principal axes parallel and perpendicular to those of
the polarizers (and so does not introduce additional leakage
despite its birefringence). As in a standard polarization-gate
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Fig. 5. Measured (a) and reconstructed (b) CC SD FROG trace of the
oscillator pulse train. (Contour lines in these and all other figures in this
paper are at 5%, 10%, 20%, 40%, 60%, and 80% of the maximum intensity.)

Fig. 6. Measured (a) and reconstructed (b) SHG FROG traces of the same
oscillator pulse train as in the previous figure.

apparatus, the beam passing through the crossed polarizers (the
“probe” beam) is horizontally polarized, and the “gate” beam
has both polarizations (and, ideally, is 45 linearly polarized
or circularly polarized). In the first second-order process, the
,
vertical polarization component of the gate beam,
, to
combines with the horizontally polarized probe beam,
produce phase-matched type-II second harmonic:
. The second second-order process then involves
, combining
this newly produced second harmonic,
with the horizontally polarized component of the gate beam,
, to produce vertically polarized light collinear
with the probe beam and at the fundamental frequency. This
vertically polarized light then passes through the polarizer and
is the signal. This signal pulse field has the expression:
(4)
Substituting for

, we have
(5)

But both polarization components of the gate pulse are

identical, so
have

. Thus, we
(6)

which is the same expression as for the usual (third-order) PG
FROG signal field. Thus, the corresponding CC PG FROG
trace is
(7)
Unlike the CC SD process described above, this CC PG
process is completely phase-matched. As long as the crystal’s
extraordinary polarization axis is perpendicular to the plane of
the beams, both extraordinary rays have the same refractive
index, and, if one process is phase-matched, the other process
is also necessarily phase-matched, independent of the angle
between the probe and gate beams.
We can estimate the nonlinear-optical efficiency of these
processes. We first note that (assuming at least approximate
phase-matching) the efficiency of the down-conversion process
is about the same as that of the SHG process. So the overall
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(a)
Fig. 8. Measured CC PG FROG trace of an attenuated amplified pulse train
with about 100 nJ per pulse. As required, the standard PG FROG algorithm
was used to retrieve the pulse from the CC PG FROG trace.

(b)
Fig. 7. (a) Retrieved electric field spectral intensities and phases versus
wavelength for the FROG traces shown in Figs. 5 and 6. The standard SD
FROG algorithm was used to retrieve the pulse from the CC SD FROG
trace. The independently measured spectrum is also shown for comparison.
(b) Retrieved electric field intensities and phases versus time.

cascaded
process efficiency is clearly approximately the
square of the SHG efficiency. Since it is straightforward to
achieve few-percent SHG efficiency with nJ 100-fs pulses
typical of Ti:sapphire oscillators, we then expect 10
efficiency for the cascading of the two
processes. Thus,
we expect the efficiency of the overall process to be sufficient
to achieve measurements of unamplified Ti:sapphire oscillator
pulses.
IV. EXPERIMENTAL DETAILS
Our CC FROG apparatus (see Fig. 4) consisted of a
continuous-wave (CW) mode-locked Ti:sapphire oscillator,
emitting several-nJ pulses at a 10 -Hz repetition rate. This
pulse train was split into two using a 50/50 beam splitter, one
train was variably delayed with respect to the other, and the
beams were then recombined at a 1-mm-thick type-I BBO
crystal and focused with a 200-mm focal-length lens. The
beam interaction angle external to the crystal, which must
be kept small to approximately phase-match both cascaded
processes in CC SD FROG measurements, was 1.5 . The
crystal was aligned to yield collinear SHG of each individual
beam and also noncollinear SHG involving both beams, thus

verifying, not only the phase-matching requirements, but also
the beam overlap in time and space. This alignment then
guarantees the existence of the CC SD beam, as well as the
CC PG signal beam when polarizers and a type-II crystal are
used. The signal beam (whether SD or PG) was then apertured
and recollimated. The signal efficiency was approximately
in CC SD FROG measurements of the Ti:sapphire
10
oscillator and about 10 in CC PG FROG measurements of
attenuated regeneratively amplified pulses of about 100 nJ.
The signal beam was spectrally resolved and detected using
a 270-mm focal length, 600-line/mm grating Spex 270M
imaging spectrometer and CCD camera (although we obtain
similar results using a nonimaging or home-made spectrometer
and inexpensive TV camera). We used considerable care to
suppress scattered light from the input beams, which was of
the same color and at nearly the same propagation direction
as the signal beam.
V. EXPERIMENTAL RESULTS
A measured CC SD FROG trace of the oscillator pulse
train is shown in Fig. 5. The standard SD FROG algorithm
was used to retrieve the pulse from this trace. The retrieved
trace is also shown in Fig. 5. The relative root-mean-square
(rms) error between the measured and retrieved traces, a
measure of the accuracy of the measurement, is 0.0086,
which indicates a fairly accurate measurement [9], [10]. Visual
agreement between the measured and retrieved traces is also
good. In order to further check this measurement, we also
made an SHG FROG measurement using the same apparatus
and using the second-harmonic beam that is simultaneously
produced (although the measurement was made later). The
pulse intensity and phase were retrieved from this trace using
the SHG FROG algorithm. The measured and retrieved SHG
FROG traces are shown in Fig. 6. The relative rms error
between the measured and retrieved SHG FROG traces is
0.010, which indicates a fairly accurate measurement [9], [10].
Visual agreement between the measured and retrieved SHG
FROG traces is also good. The retrieved intensities and phases
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VI. CONCLUSION

Fig. 9. Measured CC SD FROG trace (using a type-II crystal) of the same
attenuated amplified pulse train (made for the purpose of checking the CC
PG FROG pulse measurement shown in Fig. 8). As required, the standard SD
FROG algorithm was used to retrieve the pulse from the CC SD FROG trace.

Both of these techniques appear to be ideal for measuring
pulses from Ti:sapphire lasers. While CC FROG is not quite
as sensitive as SHG FROG and requires more care to set up
than SHG FROG due to scattered input-beam light at the same
wavelength as the signal, it is sufficiently sensitive for routine
oscillator measurements that may require intuitive traces and
freedom from direction-of-time ambiguity. We believe that, of
the two methods, CC SD FROG is probably to be preferred
for routine applications. This is because it lacks the slight
polarizer-leakage background present in CC PG FROG, which
limits the sensitivity of CC PG FROG to pulse energies that
nonlinear-optical efficiency. In
yield more than about 10
addition, CC SD FROG also avoids propagation through the
usually thick polarizers, which can distort the pulse. Also, it is
less expensive to implement, as any SHG FROG or SD FROG
apparatus can be simply modified to produce a CC SD FROG
device simply by changing beam angles. And, consequently,
any SHG or SD autocorrelator and spectrometer can be easily
modified to produce a CC SD FROG device.
Additional cascaded second-order nonlinear-optical beam
geometries are also possible. For example, it is also possible
to use fully phase-matched three-beam or two-crystal arrangements. But, at this time, their advantages do not appear to
justify their additional complexity.
In conclusion, we have developed the first method that can
rigorously measure the intensity and phase of unamplified
ultrashort pulses and that yields unambiguous measurements
and intuitive, familiar FROG traces.
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