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Two-color ultrashort laser pulses have emerging applications in numerous areas of science and technology. In
many cases, the slightest change in the combined electric field of a two-color pulse greatly affects its interaction
mechanism with the system. Therefore, a precise characterization of the temporal/spectral profile of the combined
electric field is of great importance. In this work, we demonstrate that a full characterization is possible using the
well-known transient-grating (TG) or polarization-gating (PG) frequency-resolved optical gating (FROG) tech-
niques, and by employing the recently developed Retrieved-Amplitude N-grid Algorithmic (RANA) approach for
the retrieval process. We demonstrate the validity of using these techniques and this approach for multi-cycle and

few-cycle pulses in the absence and presence of noise.
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1. INTRODUCTION

An ultrashort two-color (or bichromatic) laser pulse is com-
posed of two individual pulses (termed as components) with
different center frequencies, which propagate collinearly in a
medium. The two components might have distinct amplitudes,
absolute phases, and chirps. Also, there could be a temporal
separation between them. These parameters determine the
combined electric field of the two-color pulse, which ultimately
governs the nature of its interaction with matter. Therefore, full
and precise knowledge of the temporal/spectral profile of the
combined electric field at the time of interaction with matter
is of great importance. To fully describe such a two-color laser
pulse requires knowledge of its intensity and phase versus time
or, equivalently, its spectrum and spectral phase, which contain
all the information about the two components™ electric field’s
relative amplitude, relative phase, temporal separation, and any
other higher-order dispersion.

Two-color pulses have applications across many fields,
including the development of novel table-top light sources,
the implementation of various spectroscopic techniques, and
quantum control. Interaction of intense ultrashort laser pulses,
normally in the infrared or visible spectral regions, with mat-
ter can lead to the generation of harmonics in the extreme
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ultraviolet and soft x-ray regions. This strong-field nonlinear
process is called high-order harmonic generation (HHG) and
is promising for the development of future table-top coherent
light sources with attosecond pulse duration [1-3]. A single
ultrashort laser pulse is commonly used for the HHG process.
However, utilizing a two-color laser pulse has been suggested
due to the additional control and advantages it can provide for
an optimal HHG process. This has been investigated exten-
sively both experimentally [4-7] and theoretically [8—10], and
promising results have been reported. Some of the reported
advantages include (1) enhancement of harmonic intensity
yield, (2) extension of the cutoff frequency, (3) improvement
of the temporal profile of the harmonics and HHG spectrum,
(4) control over the electron trajectories and relative yield of odd
and even harmonics, and (5) the realization of isolated attosec-
ond pulses [11-19]. These enhancements can be achieved by
adjusting the amplitude ratio, the temporal separation, the
relative phase, and/or the linear chirp of the components of the
interacting two-color laser pulse.

Spectral broadening of ultrashort laser pulses when propagat-
ing through a transparent nonlinear medium, such as sapphire
or optical fiber, results in the generation of a highly coherent
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broadband light, called supercontinuum (or white-light con-
tinuum, WLC). Supercontinua in the visible and infrared
regions are widely used as probe pulses in various time-resolved
spectroscopic techniques [20], as the seed pulse in different
optical parametric amplifiers (OPAs) [21], and as the light
source in many other applications. Using a two-color laser
pulse instead of a single laser pulse to generate the supercon-
tinuum is investigated and is proven to be an effective method
to optimize the generation mechanism. The improvement of
the supercontinuum spectra [22-24] and the enhancement of
the conversion efficiency [25-27] are reported by adjusting the
relative amplitude or phase of the driving two-color field.

Ultrashort terahertz radiation generation, in the spectral
region between infrared and microwave, has been studied for the
past two decades, and extensive research is underway to achieve
more powerful terahertz radiation sources [28-30]. Such pow-
erful sources would enable nonlinear terahertz science and many
other fascinating applications [31]. One of the most promising
methods for the development of powerful and efficient tera-
hertz radiation sources involves the use of two-color pulses as
the driving field [32-35]. High energy single-cycle terahertz
radiation have been recently realized by employing mid-infrared
two-color pulses in ambient air [34]. It has been shown that the
efficiency of terahertz radiation generation strongly depends on
the relative phase of the driving two-color pulse [33].

Another class of two-color pulse applications is the higher-
level control of ultrafast dynamics in atomic and molecular
systems by employing such pulses for excitation, ionization,
or dissociation. It has recently been demonstrated that the
angular distribution of photoelectrons in the strong-field single
ionization of argon atoms can be rotated in the polarization
plane by adjusting the relative phase of the interacting two-color
field [36]. The photoelectron momentum distribution has also
been shown to be affected by adjusting the relative phase. It
was concluded that the Coulomb effect on the evolution of the
tunneling electron wave packet strongly depends on the com-
bined electric field of the driving two-color pulse [37]. It was
also suggested that monitoring the photoelectron momentum
distribution as a function of the relative phase would enable
the retrieval of electron trajectories and ionization times [38].
Furthermore, adjusting the amplitude ratio was shown to affect
the orientation-dependent ionization rates of molecules like
H,0 and S,0, and it was suggested as a possible means for
molecular orbital imaging [39]. More recently, it has been
shown that manipulation of the combined electric field of an
interacting two-color pulse can lead to the generation of com-
plex light-induced molecular potentials (LIPs) and canonical
intersections (LICIs), which ultimately regulate the outcome of
molecular dissociation processes [40,41]. Lastly, coherent con-
trol of above-threshold photoemission from a metallic nanotip
has been reported and strong dependence of electron emission
on the temporal separation between the components of the
driving two-color pulse was observed [42]. Ultrashort two-color
laser pulses can be utilized in many other similar quantum
control experiments [43—47], as well as in other ultrafast science
applications.

In all these applications, the precise and complete characteri-
zation of the driving two-color electric field is crucial because
it governs the interaction and ultimately the outcome of the
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experiment. For example, a precise real-time characterization
of the interacting pulse would facilitate the manipulation of the
HHG process, and eventually the engineering of an optimal
table-top coherent light source. Also, in terahertz applications,
a full characterization of the driving pulse would enable one
to monitor and isolate the influencing parameters and move
towards the realization of terahertz radiation sources in the non-
linear energy regime. Unfortunately, the complete intensity and
phase measurement of such two-color ultrashort waveforms has
proven challenging for all measurement techniques. Specifically,
there are ambiguities in the relative phases of well-separated
pulses. While the polarization gating (PG) and transient grating
(TG) versions of the frequency-resolved optical gating (FROG)
[48] are able to measure such phases, the second-harmonic
generation (SHG) version of FROG has a one-parameter ambi-
guity: if its algorithm returns a relative phase of ¢, then the value
@ + m is also possible. When measuring simple spectrograms
(also known as XFROG traces) of such pulses, the relative phase
of the pulses cannot be measured at all. Well-separated modes
in frequency are even more problematic. Keusters e a/. showed
that their relative phases are simply not measurable at all using
most techniques, including FROG [49].

However, when some temporal overlap occurs between
two pulses or when some spectral overlap occurs between two
modes in the waveform, the relative phase becomes measurable.
But, if the overlap is minimal, there remains an “approximate
ambiguity” in the sense that the wrong phase yields a retrieved
trace that is very similar to the correct trace. In the presence of
noise, the measurement could easily become ambiguous again.
Even in the absence of noise, any pulse-retrieval algorithm could
become confused and stagnate on the wrong phase value. As
a result, waveforms with slightly overlapping pulses or modes
are not only important but also prove to be an excellent test for
pulse-measurement techniques and their algorithms.

Algorithm stagnation has long been an issue in pulse-
measurement techniques. Even FROG’s standard generalized
projections (GP) algorithm [50,51], which works very well for
relatively simple pulses, tends to stagnate for more complex
pulses [52]. Other proposed algorithms address other issues,
such as speed, ease of programming, or missing data, but do
not improve convergence. Recently, however, a much more
robust FROG pulse-retrieval algorithmic approach, called the
Retrieved-Amplitude N-grid Algorithmic (RANA) approach,
was introduced for common FROG variations [53—-55].

The RANA approach works by first directly retrieving the
spectrum from the FROG trace without additional measure-
ments and using it as the initial guess for the algorithm. Second,
a set of a dozen or so initial guesses are generated, all with the
directly retrieved spectrum but with random noise for the
spectral phase. Third, these initial guesses are then quickly run
on smaller, coarser grids generated from the full trace [56,57],
removing the poorly performing pulses and keeping only the
best-performing ones.

The RANA approach is very general, and it works in con-
junction with any FROG algorithm. When incorporating
the well-known standard GP algorithm, the RANA approach
achieved convergence for 100.00% of tens of thousands of
even extremely complex noise-like simulated pulses with
time-bandwidth products (TBPs) as high as 100 and also in
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the presence of significant noise in the measured trace. It has
also successfully retrieved measured pulses that have confused
the standard GP algorithm [58]. We believe that the RANA
approach is an important development, but it has not, however,
been tested for waveforms with only slightly overlapping pulses
or modes. As these two-color waveforms are particularly impor-
tant and challenging, it is important to test the RANA approach
on them and to compare its performance for them with the
standard GP algorithm.

In this work, we examine the reliability of the PG/TG FROG
version of the RANA approach for the full characterization
of multi-cycle and few-cycle two-color ultrashort laser pulses
having varying degrees of spectral overlap between the compo-
nents. We investigate the retrieval quality for different values
of all of the above-mentioned parameters relevant in common
experimental settings.

2. SIMULATIONS AND RETRIEVAL
ALGORITHMS

The schematics of PG and TG FROG instruments are shown
in Fig. 1. In a PG FROG instrument, a replica of the two-color
pulse is used as the gate and is incrementally delayed with respect
to the probe pulse. The nonlinear optical interaction of the
gate and the probe pulses in the medium generates a delay-
dependent signal pulse, which is then spectrally resolved by a
spectrometer. The resulting spectrally resolved signal versus
delay forms a FROG trace on the camera. As mentioned in [59],
TG FROG traces are mathematically equivalent to PG FROG
traces if the time delay is applied to the probe pulse and there is
no delay between the excitation pulses, as shown on the bottom
panel of Fig. 1. Both PG and TG FROG instruments work well
and are in common use worldwide, although experimental TG
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FROG traces typically have a better signal-to-noise ratio com-
pared to PG FROG traces due to their mostly background-free
detection.

A modified version of the MATLAB script described in
our recent paper [45], was used to simulate the two-color
FROG traces. The traces are constructed using the discrete
version of the following equation. Next, the generated simu-
lated traces (non-square arrays) were interpolated to generate
smaller V x N traces for the phase retrieval. As seen in the
equation below, the gate and the probe electric fields are both
the combined temporal electric field of the two-color pulse. We
have

+00
Liro (@, 1) = ‘/ [Ea(t £ 1)+ Ep(t£1)]
—00

2
x |[Ea(t) + Eg(0)]]7e ™" ds|

where ¢ is time, 7 is the delay, and w is the angular frequency.

Different orders of dispersion, i.e., the absolute phase (¢y),
the temporal separation (¢;), the linear chirp (¢,), and the
third-order dispersion (TOD) (¢3), were added to each
individual pulse 4 or B in the simulation script where the
spectral phases of pulse A or B are defined using the following
equation. The term “relative phase” throughout the article
represents the absolute phase difference between pulse A and B
(i.e., Apy=@op — Yo4) and should not be confused with the
overall phase difference (i.e., Ap = ¢ — @4).

1
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Fig. 1.
FROG instruments.

Schematic of the two-color PG and TG FROG instruments. A two-color pulse and its replica are used as the gate and the probe in the
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Three regimes were investigated throughout this work
where the two components of the pulse are (1) well separated
(foa=375THz, fop =438 THz), (2) partially overlapped
(fou=375THz, fop =414 THz), or (3) strongly overlapped
(foa=375THz, fop =392THz) in the frequency domain.
A pulse duration of 40 fs was considered for each component in
all cases except for the few-cycle pulses. The components were
given the same amplitude. Additive noise was applied using a
Poisson distribution for the noise dependence investigations.
The PG RANA approach [53-55] was used for all the retrievals.
The GP algorithm [50] was used in section 3.F to compare its
retrieval effectiveness with that of the RANA approach.

3. RESULTS AND DISCUSSION

We investigated the retrieval of two-color ultrashort laser pulses
from PG or TG FROG traces using the RANA approach. First,
we should point out that all the FROG traces studied here were
distinct. In other words, they did not reveal any new ambiguities
beyond the well-known case of the pulses with well-separated
components whose different relative phases are not retriev-
able (the well-separated modes’ relative phase ambiguity) and
which is discussed in subsection 3.A. Our retrieval results for
pulses with zeroth- up to third-order dispersion (i.e., relative
phase, temporal separation, linear chirp, or TOD) are discussed
separately in the following subsections. We also examined the
applicability of these techniques for the characterization of two-
color few-cycle pulses and the retrieval from noisy FROG traces,

well separated
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which are discussed in subsections 3.D and 3.E, respectively.
Employment of the RANA approach led to rapid convergence,
accurate retrieval, and negligible residual trace error for all
the FROG traces studied in this work. Lastly, we find that the
standard GP algorithm exhibits weaker performance than
does the RANA approach for the retrieval of two-color FROG
traces. The standard GP algorithm is slower for most traces and
even failed to converge for some of the more complex traces, as
demonstrated in subsection 3.F.

A. Relative Phase

As mentioned above, when the components of a two-color
laser pulse are well separated in frequency, most techniques,
including PG and TG FROG, cannot measure the relative phase
(Ag@p) between the two components. As seen in the first column
of Fig. 2, all FROG traces of such pulses are identical, regardless
of their different values of relative phase.

The FROG traces are distinct and depend on their relative
phase values when the two components are partially or strongly
overlapped in frequency (second and third columns of Fig. 2).
In such cases, the relative phase between the two components
of the pulse is retrievable using the RANA approach. The phase
retrieval results are shown in the right panel of Fig. 3 for the case
of the strongly overlapped components. The retrieved spectral
phases agree with the simulated ones for different values of the
relative phases (Agy =0, /6, ..., 57/6).

This demonstrates that the relative phase between two
unknown colinearly propagating ultrashort laser pulses can

strongly overlapped strongly overlapped
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Simulated PG/TG FROG traces with different values of relative phase between the component of a two-color ultrashort laser pulse. The

components of the pulse have the same amplitudes and pulse durations (40 fs). Three-dimensional plots for the case of strongly overlapped compo-
nents are shown in the fourth column for a better visualization of the spectro-temporal intensity profile.
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be measured directly using a PG or TG FROG instrument
and employing the RANA approach for pulse-retrieval.
Such measurements can be conducted using single-shot
FROG instruments (or multi-shot FROG if the pulses are
relative-phase stabilized). For a better visualization of the
spectro-temporal intensity profile, three-dimensional plots of
the FROG traces are shown for the case of strongly overlapped
components in the fourth column of Fig. 2.

B. Temporal Separation between the Two
Components

In many applications, the precise measurement and control
of the temporal separation between the components of a two-
color laser pulse are required in order to regulate the outcome
of its interaction with the system. The temporal separation
between the two components is readily measurable using PG
or TG FROG traces if it is large enough compared to the pulse
duration (last row of Fig. 4). In such cases, the temporal sepa-
ration between either of the two side lobes and the center lobe
of the FROG trace represents the separation between the two
components. Furthermore, for two-color pulses with strongly
overlapped components (right bottom trace in the figure), the
fringe spacing along the frequency axis in the center lobe corre-
sponds to the temporal separation between the two components
(temporal separation in fs = 1/fringe spacing in PHz). But the
temporal separation is not readily measurable if it is comparable
to the pulse duration (second and third rows in Fig. 4), depend-
ing on the strengths of the modes’ spectral wings. Measuring
the separation in this small-separation regime and realizing
the zero-separation instance are of great importance in various
applications, e.g., [10,13,24]. So we examined the applicability
of the RANA approach to achieve this goal.

We tested all traces shown in Fig. 4 and found that the RANA
approach retrieves the precise temporal separation between
the components of a two-color ultrashort laser pulse. This is
true for any arbitrary separation, including the zero-, small-, and
large-separation regimes. The retrieval results are shown for two-
color pulses with 40 fs or 41.7 fs separations on the top panel

of Fig. 5. After the retrieval process, the separations between
the two components are simply determined using the slope of
the retrieved spectral phase (rad) versus the angular frequency
(rad/s) graph for regions where the intensity is non-zero. This
provides a powerful tool for measuring the precise separation
between the components of ultrashort two-color laser pulses
(for the compressed pulses for which the higher-order spectral
phase is removed).

It should be noted that even a small change in the temporal
separation between the two components (a change of around
1.7 fs when the optical cycle is approximately 2.6 fs) can dra-
matically alter the combined electric field of the interacting
two-color pulse, as shown on the bottom panel of Fig. 5 (C and
D). In this figure, the intensity of the combined electric field
is shown in orange, and its amplitude is shown in yellow. The
optical cycles are not distinguishable due to the low resolution
of the figure. The dramatic change in the combined electric field
is due to the destructive or constructive interferences between
the electric fields of the two components. This indicates the
importance of precisely controlling the temporal separation in
single-shot experiments involving two-color laser pulses in order
to obtain reproducible results. The respective FROG traces for
such cases are clearly distinct, and the RANA approach is able to
retrieve the precise spectral phase and temporal separation.

C. Dependence on Linear Chirp and Third-Order
Dispersion

Chirped two-color pulses can be utilized in different light gener-
ation applications or molecular excitation schemes [14,45], and
their full characterization is desired. In this section, we show that
such pulses having second-order (linear chirp) or third-order
dispersion are reliably retrievable using the RANA approach.
FROG traces, as well as their retrieved spectra and spectral
phases, are shown in Fig. 6.

As seen, the retrieved spectra and spectral phases for all
cases agree well with the simulated ones, even for highly com-
plex FROG traces. As expected, the fringe spacing along the
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Fig. 4.
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time-delay axis for the case where both components have pos- D. Retrieval of Few-Cycle Pulses

itive (second column of the figure) or negative linear chirp The applicability of the RANA approach is not limited to multi-

corresponds inversely to the difference in the center frequenc . .
P Y duency cycle pulses. In this section, we demonstrate that the RANA

of the two components (fringe spacing = 1/center frequency

difference).

approach can also be employed to fully characterize few-cycle
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pulses. Specifically, we show that the relative phase (Agy)
between two unknown, collinearly propagating, few-cycle
pulses can be directly measured using a single-shot PG or TG
FROG and by employing the RANA approach for the retrieval
process.

The retrieval results for a two-color few-cycle pulse having
a 2.5 fs component centered at 600 nm and a 4 fs component
centered at 1200 nm, are shown in Fig. 7. Different values of the
relative phase (Agp) and the temporal separation (A¢;) were
studied. The respective FROG traces for each case are shown in
the inset. The intensity of the combined electric field (orange
line), and the amplitude of the electric field of each component
(blue and yellow lines) are depicted in separate cells. The results
in the top two panels of the figure indicate that the relative phase
is precisely retrievable for all the cases, including the zero rela-
tive phase. As is evident, the intensity profile of the combined
electric field of a two-color pulse alters dramatically by changing
the relative phase. This explains the strong dependence on the
relative phase observed in different experiments.

The retrieval results for cases with zero relative phase and
non—zero temporal separation are shown on the bottom two
panels of the figure. As is evident, the spectra and spectral phases

are retrievable for such cases, and consequently, the temporal
separation between the two components can be calculated as
explained in subsection 3.B. Cases with a linear chirp or a com-
bination of different orders of dispersion were also studied and
areall retrievable. They are not included in this figure for brevity.

E. Effect of Noise on Retrieval Quality

The presence of noise in the PG/TG FROG traces necessarily
affects the retrieval quality. The retrieved spectra and phases are
compared for FROG traces with 0% or 2% additive noise in
the left panel of Fig. 8. These results are obtained for an extreme
case when the multi-cycle, two-color pulse has a combination of
zeroth- to third-order dispersion (Agy = 3 rad, Ag; =120 fs,
@24 =@ =1500 fs%, and ©34 = Q3 = Sk £s®) and the com-
ponents of the pulse are strongly overlapped in the frequency
domain. The G-Error (rms difference between the simulated
and retrieved traces) is only around 0.0031 with 2% additive
noise. The dependence of the G-Error on the noise level for
other values of additive noise is shown in the right panel of
the figure. The uncertainty values in the figure are obtained
by calculating the standard deviation of 10 retrieval trials for
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each additive noise value. These results and the small values of
the standard deviations indicate the robustness of the RANA
approach for the retrieval of two-color pulses in the presence of
noise.

F. Comparison of GP and RANA Approaches

The standard GP algorithm has a weaker performance than the
RANA approach for the retrieval of two-color FROG traces.
The standard GP algorithm is slower for most traces, and it
does not even converge for some of the more complex traces.
Two of the cases where the GP algorithm does not converge and
therefore is unable to retrieve the spectra are shown in Fig. 9. As
is evident, the difference (residual) matrix is much larger when
the GP algorithm is used. Also, the retrieved spectra, shown
in the inset of the figure, do not agree with the simulated ones,
whereas these problems do not occur with the RANA approach.

4. CONCLUSION AND FUTURE WORK

We demonstrate that a two-color ultrashort laser pulse can
be fully characterized (up to the inherent ambiguities) using
PG or TG FROG instruments and by employing the RANA
approach for the retrieval process. This is valid regardless of
the center-frequencies of the two components of the pulse
or the degree of their spectral overlap. The retrieval provides
information about relative amplitude, relative phase, temporal
separation, linear chirp, and third-order dispersion, which are
needed to control and optimize the interaction of such pulses
with systems of interest. The only limitation is the well-known
ambiguity of the relative phase for the case of two-color pulses
with well-separated components in the frequency domain. In
such cases, the FROG traces are entirely identical for different
values of the relative phase, as is known. This is because there
is no frequency-overlap to cause interference, which would
contain the relative phase information. Indeed, no relative phase
information exists in the FROG trace to be retrieved by the
algorithm. We also show that a small change, comparable to the

optical cycle period, in the temporal separation between the two
components can dramatically alter the combined electric field of
the two-color pulse. Therefore, precise control of the temporal
separation between the two components would be necessary to
obtain reproducible results in single-shot experiments involving
two-color pulses.

Furthermore, we demonstrate the importance of the RANA
approach for the characterization of few-cycle two-color pulses.
Specifically, we show that the relative phase between two col-
inearly propagating, few-cycle pulses can be directly measured
using this approach. The only requirement is a partial overlap in
frequency, which is easily achievable due to the large bandwidth
of such pulses. Indeed, a pulse that has finite temporal support
necessarily has infinite spectral support (or extent). We also
show that the RANA approach remains robust in the presence
of noise and also when a combination of different orders of
dispersion are applied to the two-color laser pulse.

PG and TG FROG instruments are widely used in ultra-
fast science laboratories. This work shows that two-color laser
pulses can simply be characterized using available FROG setups
with no need for alterations or additional equipment when
the RANA approach is used for the retrieval process. The only
requirement is that the entire bandwidth of the two-color pulse
is supported by the optical elements in the FROG instrument.
SHG FROG is another common ultrashort pulse characteri-
zation device, and we plan to investigate its capabilities for the
characterization of ultrashort two-color laser pulses in future
work.
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