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Abstract: Multiple pulsing occurs in most ultrashort-pulse laser systems when pumped at excessively
high powers, and small fluctuations in pump power in certain regimes can cause unusual variations
in the temporal separations of sub-pulses. Unfortunately, the ability of modern intensity-and-phase
pulse measurement techniques to measure such unstable multi-pulsing has not been studied. Here
we report calculations and simulations finding that allowing variations in just the relative phase of
a satellite pulse causes the second pulse to completely disappear from a spectral interferometry
for direct electric field reconstruction (SPIDER) measurement. We find that, although neither
frequency-resolved optical gating (FROG) nor autocorrelation can determine the precise properties
of satellite pulses due to the presence of instability, they always succeed in, at least, seeing the
satellite pulses. Also, additional post-processing of the measured FROG trace can determine the
correct approximate relative height of the satellite pulse and definitively indicate the presence of
unstable multiple-pulsing.
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1. Introduction

Ultrashort laser pulses are playing an ever-increasing role in important scientific experiments
and applications. Multiphoton microscopy, made possible specifically by ultrashort pulses, has
become very popular as a result of its many unique advantages over conventional microscopy
techniques [1]. Novel ultrashort-pulse-based techniques that achieve spatial super-resolution,
such as stimulated-emission-depletion imaging, are yielding spectacular views into the nanoscopic
world never before imagined [2]. In addition, most molecular processes occur on ultrafast timescales
and so their study requires ultrashort laser pulses using methods like excite-probe spectroscopy [3,4].

For all such applications, it is crucial to be able to measure ultrashort pulses in time, or at least
measure their length, complexity, and pulse-to-pulse stability. Multiphoton-microscopy contrast is
inversely proportional to the pulse length, and ultrafast spectroscopy and super-resolution methods
require simple, short, and stable pulses. Variations in the pulse shape from shot to shot introduce
uncertainty in the temporal resolution of excite-probe measurements and yield inconsistent peak
power, adding noise to measurements in all techniques that use ultrashort pulses. It is therefore
necessary to ensure that ultrafast lasers emit stable, consistent pulses. Unstable double-pulsing and
other common types of instabilities are unacceptable in essentially all applications. Indeed, variations
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in the duration, shape, and peak power of ultrashort pulses can have significant impacts on all
applications of ultrashort pulses.

Because there is no such thing as a “pulse-shape stability meter”, it is necessarily the responsibility
of ultrashort-pulse measurement techniques to also determine whether or not the pulse temporal
profile is consistent from shot to shot. Techniques that ignore fluctuating components of the pulse
shape and see only the consistent component are said to measure the “coherent artifact”, which
is typically the shortest possible temporal profile consistent with the spectrum of the pulse [5,6].
It is shorter than and often much shorter than the actual average pulse length, and wishful thinking
(desiring the shortest pulse length) has frequently resulted in its misinterpretation as the actual pulse
length. A measurement technique that yields only the coherent artifact yields results that are, at worst,
wrong and, at best, unconvincing.

Recently, a few papers have addressed the unfortunate consequences of averaging over a train
of pulses with fluctuating pulse shapes in attempts to measure them using modern ultrashort-pulse
measurements [7-10]. Also, shockingly, modern techniques based on interferometry were found to
measure only the coherent artifact. This happens because fluctuations in the pulse shape yield fringes
that cancel out and so are not measured, leaving only the shorter, coherent component in the resulting
measurement. As a result, these techniques are at risk of significantly under-estimating the pulse
length and pulse complexity.

Our recent publications used simulations to understand how the many ultrashort
pulse-measurement techniques behave in the presence of pulse-shape instability. Figure 1 shows
an example of these results, comparing frequency-resolved optical gating [11] (FROG) measurements
and spectral interferometry for direct electric field reconstruction [12] (SPIDER) measurements of
stable and unstable pulse trains. These studies focused on noise bursts, that is, pulses approximating
incomplete mode-locking.
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Figure 1. Simulated measurements of stable and unstable pulse trains (left) using spectral interferometry
for direct electric field reconstruction (SPIDER) (middle) and second-harmonic-generation (SHG)
(frequency-resolved optical gating (FROG) (right). Reprinted with permission from [8], WILEY-VCH
Verlag GmbH & Co., 2013.
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Of course, lasers can exhibit instability in many other ways. Another simple, very common,
and important type of instability is multiple pulsing. Depending on the cavity geometry, soliton
lasers (which include Kerr-lens mode-locked lasers as well as some fiber lasers) can emit multiple
pulses per round trip in certain circumstances [13,14]. Many of these lasers have operating regimes of
stable multiple pulsing in which the pulse separations and relative phases do not vary [15]. However,
in between there are also transition regimes: for example, pulses can undergo interesting evolutions
from stable single-pulsing to multi-pulsing over several round trips through the laser [16]. Slight
variations in the pump power can easily cause added instability. Sinusoidally-varying and chaotic
pulse separations have been reported, as well as interesting phenomena such as soliton explosion [17].
Much more commonly and importantly, simply over-pumping a laser (which is difficult to avoid when
attempting to maximize the laser output pulse energy) often results in satellite pulses.

Given that many lasers can have such interesting internal dynamics and complex pulse shapes in
certain situations, it is important to ensure that pulse measurement techniques are able to reveal such
instabilities in pulses. As mentioned earlier, simulations of fluctuating pulse shapes have demonstrated
that several measurement techniques based on interferometry have considerable difficulty detecting
instability and yield only the coherent artifact [7,8]. This is alarming, especially because several popular
techniques, including SPIDER, display these problems and so conceal potential instability from the
user and can report, for example, pulse lengths considerably shorter than are in fact present.

Analysis in previous papers [8] suggested that even though some forms of instability would be
invisible to SPIDER, multiple pulsing could be visible in a SPIDER measurement unless the pulse
separation varied over a large range. In contrast, here we will demonstrate that, even if the pulse
separation is stable, SPIDER also cannot see satellite pulses if their relative phase varies by 21 — a
much more likely scenario. In addition, we perform various simulated measurements of unstable
double pulsing using SPIDER and second-harmonic-generation (SHG) FROG to better understand the
effects of unstable multi-pulsing on measurements made using these techniques. We find that SPIDER
cannot see satellite pulses at all unless their phase variation is small. SHG FROG (henceforth referred
to in this publication as simply FROG) under-estimates the amplitude of the satellite pulse, but it sees
it, and we show that simple additional post-processing can be used to determine its approximate actual
amplitude. Alas, because there is no indication of multi-pulsing in SPIDER, such post-processing
is fundamentally not possible in SPIDER, and a separate FROG or autocorrelation measurement is
necessary to reveal multi-pulsing when SPIDER is used for pulse measurement. We begin by reviewing
analytical descriptions of measurements of unstable pulses in SPIDER and FROG.

2. Background

2.1. Double Pulses in SPIDER

Previous publications addressing instability in SPIDER have included some analytical
considerations of averaged SPIDER measurements [7,8], and we will use those calculations as
a starting point for considering the specific case of double pulses. Given a spectral shear () and
an internal pulse separation T in the SPIDER apparatus, a general expression for the ideal SPIDER
trace of a single pulse as a function of the pulse complex electric field E(w) is:

SspipEr  |E(w) + E(w + Q) exp(iwT) |*. )

To understand how the pulse is retrieved from a SPIDER trace, this equation may be rewritten
in terms of the spectral amplitude |E(w)| and the derivative of the spectral phase (the group delay)
T(w) as:

Sspiper & [E(w)[* + |[E(w + Q) + 2|E(w)||E(w + Q)| cos(T(w)Q + wT) )

The spectral fringes in the SPIDER trace depend on the group delay 7(w), and the spectral phase
can be retrieved by integrating the measured group delay.
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To understand the effect of multiple pulsing, we consider the SPIDER trace of a double pulse
comprising two identical pulses with a temporal separation t; and a relative phase 6. The SPIDER
trace of this double pulse is then:

E(w)+ E(w+ Q) exp(iwT) + E(w) exp(if + iwts)+

S 3
SPIDER © E(w + Q) exp(iwT) exp(if + i(w + Q)ts) ®)
Expanding Equation (3) and collecting terms results in a lengthy, but tractable expression:
Sspiper  |E(w)]?[1 4 cos(8 + wts)] + |E(w + Q) [P[1 + cos(8 + (w + Q)ts)]+
cos(T(w)Q 4+ wT) + cos(T(w)Q + wT + Q) @

|E(w)||E(w+ Q)| +cos(T(w)Q+ w(T + t5) + 0 + Q)
+cos(T(w)Q+ w(T —t5) — 0)

The first two terms above describe the SPIDER trace’s overall intensity envelope. This envelope
contains spectral oscillations characteristic of a double pulse. The remaining four terms describe the
SPIDER signal’s interference fringes. The first two oscillatory terms are typical fringes that would
appear in common SPIDER measurements of each single pulse. As in all SPIDER measurements,
each individual pulse interferes with a spectrally sheared replica of itself, creating fringes that are
a function of the group delay. The second pair of fringe terms depend on both pulses in the double
pulse. Here the first of the two pulses interferes with the sheared replica of the second pulse, and the
second pulse interferes with the sheared replica of the first pulse. These fringe terms have different
periodicities due to the different relative delays, and they also depend on the relative phase 6 between
the two pulses.

If 8 varies randomly from 0 to 27, then in an averaged measurement some of the terms in
Equation (4) would average to zero. Specifically, the spectral modulations in the envelope even out
and the last two fringe terms disappear. In this case, the SPIDER-trace expression the simplifies to:

Sspiper o |E(w)[* + |E(w + Q) + |E(w)]|E(w + Q)| -{cos(t(w)Q + wT) + cos(t(w)Q + wT + Qks)}  (5)

Notice that this expression differs only slightly from the general expression for SPIDER in
Equation (2). In this expression there are two sets of fringes instead of just one. The two fringe
terms are nearly identical and only differ by a factor of ()t (the pulse separation times the spectral
shear). To put the spectral shear in context, the temporal range in a SPIDER measurement is 27t/().
O, is therefore 277 times the ratio of the pulse separation and the SPIDER temporal range. The second
fringe term has a phase offset from the first fringe term that is proportional to how large the pulse
separation is compared to the temporal range of the SPIDER measurement. This ratio depends on both
the pulse’s characteristics and the device parameters.

When the pulse separation is stable, there is a consistent phase offset between the fringes. Because
the fringe terms are otherwise identical, their sum gives the same group delay as the individual terms.
Thus, if the relative phase between the two pulses varies randomly, SPIDER will interpret double
pulses as a single pulse with the temporal width of one of the individual pulses. In other words,
ones of the pulses will be ignored completely. The size of the phase offset, which is controlled by the
ratio of the pulse separation to the temporal support, determines how much background is present in
the trace. If the separation between pulses is small compared to the temporal range (that is, support),
then the sum of the two fringe terms cannot be distinguished from a single cosine and has almost no
background. As the pulse separation increases, the fringe terms are less in phase and the background
increases (see Figure 2). Regardless of the amount of background, a SPIDER measurement of a double
pulse with varying relative phase will always yield a single pulse. What is particularly interesting
about this case is that it is possible to have very good fringe visibility and still have a very wrong
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measurement. In contrast with studies of other types of unstable pulses in SPIDER, having very low
background is not a guarantee of measuring a pulse correctly.
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Figure 2. Fringe terms and SPIDER signal evaluated for equal-energy double pulses with stable pulse
separation, averaged over relative phases from 0 to 27t. The last two fringe terms in (4) average to zero
and are not plotted. In (a), the pulse separation and shear are chosen so that Ot; = 0.7577. Because the
two surviving fringe terms are not in phase, there is some cancellation in their sum and the trace shows
some background; In (b), the pulse separation is chosen such that Qf; = 0.371. The fringe terms are
much closer to being in phase, and there is a small amount of background in the SPIDER signal.

If the pulse separation is not stable, then the phase offset between the two fringe terms is variable.
There will be partial cancellation of fringes from the unstable pulse and some background present.
As found previously, the fringes from the second pulse will vanish from the measurement if its relative
arrival time varies by the temporal support.

In real SPIDER measurements, there is another issue that may affect how double pulses are
measured. Because the spectral shear experienced by the pulse replicas is generated by interacting
with different parts of an extremely chirped pulse, parts of the pulse occurring at different times will
experience slightly different frequencies. While the frequency difference between the original pulse
and the replica should remain constant in time, a double pulse will end up with slightly different
frequencies for both pulses in the original pulse-shape and for both pulses in the replica. The modified
expression for the SPIDER signal is:

E(w) 4+ E(w+ Q) exp(iwT) + E(w + 6)- exp(if + iwts)+

SSPIDER & E(w +Q+06)-exp(iwT +if +i(w + Q)ts)

(6)
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where § = Ot T is the difference in shear experienced by the two pulses in the double pulse. Compared
to Equation (3), both the second pulse and its sheared replica experience an additional shear of 6. This
is not likely to have a large impact on the measurement, and this effect is not taken into account by the
typical SPIDER retrieval procedure.

However, we have included the differences in shear for individual pulses in our simulations to
obtain a more accurate approximation for the actual measurement process. Interestingly, comparing the
averaged SPIDER traces in Figures 3-5 to previous simulations of double pulses in SPIDER [18] shows
that adding the differences in shear has essentially no impact on the SPIDER signal in this situation.

2.2. Double Pulses in FROG

General analytical consideration of FROG traces is usually impractical because expressions for
self-referenced spectrograms tend to be quite complicated. Considering double pulses is simpler,
however, and, assuming that the two pulses are both flat-phase Gaussians simplifies the calculation
further. While these assumptions are restrictive, the resulting calculation is still quite informative for
more general situations. Writing the time-domain electric field for a Gaussian double pulse:

E(t) = exp(—tz/af) +exp (—(t+t5)* /o +i0) ?)

the corresponding SHG FROG measurement is:

2

Isng rroG (@, T) = ’/_o; E(t)E(t — T) exp(—iwt)dt (8)

’f {exp( ) +exp<M>} . [exp(%ﬁ) —l—exp((t%T)z)} exp(—iwt)dt

where T is again the delay between pulse replicas. After some calculations, this expression becomes:

2

©)

o0s? (ths + 9) +
Istc rroG(w, T) & eXP<_12Q> exp(w2‘7¢2> 2cos(“’ts + 9) exP<_tg) Cosh(%)-k (10)
K ! 2exp( ) +exp< ) cosh(%f)

The second and third terms inside the brackets are negligibly small because the pulse separation
ts is typically larger than o;. The last (fourth) term can be written in a more intuitive form, resulting:

Isnc rroc (@, ?)Z(X eXP( tT ) eXP(ﬁ) cos? (% + 9) + .
%exp(_(if‘ ) {exp(%ﬁ) -I—exp((Tjts))}

This expression describes the archetypal SHG FROG trace for double-pulses. The Gaussian
frequency and delay amplitudes are equivalent to the FROG trace for a simple flat-phase Gaussian

pulse. As is the case for all FROG traces of double-pulses, spectrogram has three intensity lobes,
centered at T = 0 and T = =£{; respectively. The middle lobe (the first term) has fringes that depend
on the pulse separation as well as relative phase. The side lobes are half as intense as the center lobe
but have the same temporal and spectral widths as does the center lobe.

Allowing the relative phase 8 to vary freely erases the fringes in the center lobe of the trace
(see, for example, Figure 3e). Significantly, the resulting trace, with three smooth (fringeless) lobes,
which is the sum of many different traces corresponding to the many different double-pulse relative
phases, is not a valid FROG trace for any pulse, no matter how complex. This is because the trace
constrains both the temporal and spectral structure of the integrated electric field over many different
pulses. Lobes separated in delay in a FROG trace clearly require the field to have satellite pulses,
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as in intensity autocorrelation. However, important for our purposes, stable satellite pulses also
cause spectral fringes, and therefore the FROG trace should have frequency fringes in the center
lobe. In fact, double pulses are used for calibration of the frequency axis in FROG for exactly this
reason. Equivalently, the spectral structure of the FROG trace is constrained by the fact that the
autoconvolution of the pulse spectrum must be equal to the frequency marginal (the sum of the
trace over delay) [11]. Integrating the smooth averaged trace over delay—computing the frequency
marginal—yields a spectral profile that is smooth. Thus, the lack of spectral structure in the trace
requires the spectrum to be smooth, but the temporal structure requires the pulse spectrum to be
modulated. There is no electric field that satisfies both conditions. Consequently, the averaged FROG
trace of double pulses with varying relative phase cannot correspond to any single pulse. This is a very
useful and important feature of FROG—this discrepancy indicates the presence of instability. Indeed,
such discrepancies were also found to occur in the presence of partial mode-locking in our previous
work and so meant that FROG is a good indicator of that type of instability. This works because
the FROG trace is two-dimensional, whereas the pulse is only one-dimensional, and the resulting
over-determination of the pulse by the trace yields this additional information.

In the case of unstable double-pulsing, a variable pulse separation causes the position of the side
lobes to vary. It also causes variations the periodicity of the fringes in the center lobe. Averaging
over a range of pulse separations results in less intense, temporally wider side lobes in the averaged
trace. Broadening the side lobes also causes the trace to become invalid for a single electric field.
The spectrum of the side lobes is unchanged, but becoming longer in time with an equally broad
spectrum requires consequently the addition of some phase variations, such as chirp. However,
since the central lobe does not become wider in time, the field must also be nearly transform-limited.
Variations in either pulse separation or relative phase lead to measured traces that are impossible to
match with a single electric field. As a result, the FROG pulse-retrieval algorithm responds to these
averaged spectrograms of unstable pulses cannot be predicted and is best studied using simulations.

On the other hand, the averaged SHG FROG trace still contains a significant amount of information
about the ensemble of double pulses. In particular, the SHG FROG trace of a double pulse is easily
recognized, and the lack of fringes in the central lobe is a clear indicator that there are variations
in the relative phase of the second pulse. This allows a simple post-processing technique to find
the relative intensity of the satellite pulse. Specifically, the relative energy of the two pulses can
always be determined without ambiguity (even if the order in which they arrive is ambiguous) based
on the energy contained in each lobe in the trace. Because the side lobes are a cross-correlation
between the first and second pulses, their energy is proportional to the product of the energy of each
individual pulse. The center lobe contains the autocorrelation of each pulse, and therefore its energy
is proportional to the sum of the squares of the energy in each individual pulse. If one pulse has
an energy of 1 and the other pulse has relative energy &, we can write expressions for the energy in the
center lobe M, and a side lobe M; as:

1+ a? o« Mg, & Mg (12)

The constants of proportionality are the same for each expression, and the exact energy of the
pulses is often not of interest. Consequently, it makes sense to take the ratio of these two expressions.
Multiplying through by a and rearranging gives a quadratic expression that is easily solved:

M

2 c

——a+1=0 1

S ViGas (13)
The energy in each lobe can be determined by integrating the corresponding sections of the

measured FROG trace over frequency and delay. One the ratio of the energies has been found,

then this quadratic expression can be solved to yield the relative energy, «, of the second pulse.
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Equation (13) holds true even when the relative phase and separation between the two pulses
changes. Note that M. and M; refer to the total energy in each lobe, not merely their intensity.
Thus, even though changing the separation of the two pulses in the double pulse will change the
position of the side lobe, the energy will always be recorded in the trace. The total energy in the side
lobes is unchanged, even though their peak intensity is lower when the pulse separation varies. This
expression also holds true when the two pulses have different spectra or temporal profiles, although
the relationship between the pulse energy and the pulse intensity will be different for each pulse in
that case. If the relative energy of the two pulses varies, then the calculated relative energy will be
the average relative energy. This very simple analysis can provide an additional check on FROG for
double pulses. If the retrieved temporal pulse shape has pulses with a different relative energy from
the one derived from the energy in the lobes of the trace, then there is further evidence of instability.

Our simulations will attempt to confirm the FROG post-processing approach presented
above and study the FROG algorithm’s response to traces generated from unstable double pulses.
With simulations, we can also investigate cases that are difficult to address analytically, such as the
presence of small variations in the relative phase or of correlations between the pulse relative phase
and separation.

3. Methods

Our simulations average over sets of 5000 pulses. We calculate the appropriate measured trace
for each pulse using Equation (6) for SPIDER and Equation (8) for SHG FROG. To create the double
pulses, we use flat-phase Gaussian pulses with a temporal full width at half maximum (FWHM) of
150 fs. The temporal grid comprises 4096 points with a spacing of 20 fs. The simulation’s resulting
spectral resolution is 0.077 rad/ps. For the SPIDER measurement, the spectral shear was chosen to
be 12 frequency steps (0.9 rad/ps) and the delay was chosen to be 4 ps. The temporal support is
6.8 ps for a spectral shear of 0.9 rad/ps. The average separation of the double pulses in the pulse
trains varies somewhat between the different cases considered, but is approximately 700 fs overall.
Because the average pulse separation (0.7 ps) was much smaller than the temporal range (6.8 ps),
our calculations suggest that there should be little fringe cancellation and good fringe visibility in the
simulated SPIDER measurements.

We cropped the FROG traces and sampled them to reduce the trace size from 4096 x 4096 to
512 x 512. This trace size is still fairly large compared to experimentally common sizes, so the resulting
G errors (rms differences or FROG errors), normalized by the number of points, are smaller than those
usually observed. FROG errors for experimental data should usually be less than 0.01, and correct
retrievals of noiseless simulated traces should have errors much lower than 0.01.

For the first three cases, we use double pulses with equal energy. We consider double pulses
in which only the relative phase varies and a set of pulses in which both the relative phase and
the separation vary. For each of these cases, we also generate a plot of the averaged intensity
autocorrelation and the average spectrum. In addition, we compute a polar plot of the temporal
pulse separation as a function of relative phase between the pulses.

4. Results

4.1. Phase Variation Only

The first case has no variation in the pulse separation. The delay between pulses is set to
720 fs and the relative phase between pulses is allowed to vary freely. The averaged autocorrelation
over the whole set of pulses is identical to the autocorrelation of one double pulse (see Figure 3a).
The pulse separation as a function of phase is simply a circle (see Figure 3c). The variations in
the relative phase between pulses cause the average spectrum to be almost Gaussian (Figure 3b).
The average SPIDER trace (Figure 3d) has very little background. The background is expected to be
low for this case because the chosen pulse separation is small compared to the temporal support of the
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measurement. The fringes in the SPIDER trace produce a flat spectral phase (Figure 3h). As a result,
the second pulse is invisible (Figure 3g) and the measurement result is a single pulse. The measured
FROG trace (Figure 3e) follows the predicted appearance. The retrieved trace (Figure 3f) is visually
distinct from the measured trace. Specifically, the retrieved trace has less intense side lobes than the
measured trace and has spectral fringes in its center lobe. The G error between measured and retrieved
traces is 0.014, which is too large to be acceptable. The retrieved pulse (Figure 3i) has a satellite with
the correct temporal separation, but the satellite is much less intense than the satellites in the real pulse
train. The retrieved satellite has the same temporal width as the main pulse and a relative energy and
intensity of 0.34. The relative pulse energy calculated from the energy of lobes in the measured trace is
1.00, in excellent agreement with the actual relative energy of the pulses.
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Figure 3. SPIDER and FROG measurements of a train of double pulses with stable separation and
varying relative phase (case A). (a) The average autocorrelation; (b) Average spectrum of the double
pulse train; (c) Polar plot of the pulse separation as a function of relative phase; (d) Average SPIDER
measurement of the whole pulse train; (e) Average FROG measurement of the whole pulse train;
(f) Retrieved FROG trace with G error 0.0140; (g) Temporal intensity (red) and phase (blue) of the
pulse retrieved by SPIDER; (h) Spectral intensity (green) and phase (purple) of the pulse retrieved
by SPIDER; (i) Temporal intensity (red) and phase (blue) of the pulse retrieved by FROG,; (j) Spectral
intensity (green) and phase (purple) of the pulse retrieved by FROG.

4.2. Phase and Separation Variation

The second case allows variations in temporal pulse separation in addition to variations in relative
phase. The pulse separation varies uniformly by slightly more than the FWHM pulse width—from
640 to 800 fs. Plotting the pulse separation as a function of phase results in a diffuse circle with
an inner radius of 640 fs and an outer radius of 800 fs (see Figure 4c). The average autocorrelation
changes very little (see Figure 4a). The side lobes are slightly broadened and their height is reduced by
a small amount. Interestingly, despite varying the pulse separation by a little more than a pulse width,
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the width of the side lobes in the autocorrelation has not increased by very much. As in the first case,
the average spectrum is close to Gaussian because of the relative-phase variations.
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Figure 4. SPIDER and FROG measurements of a train of unstable double pulses with varying separation
and relative phase (case B). (a) The average autocorrelation is shown in red, and the black dotted line
shows the autocorrelation of a pulse with an average separation; (b) Average spectrum of the double
pulse train; (c) Polar plot of the pulse separation as a function of relative phase; (d) Average SPIDER
measurement of the whole pulse train; (e) Average FROG measurement of the whole pulse train;
(f) Retrieved FROG trace with G error 0.0124; (g) Temporal intensity and phase of the pulse retrieved by
SPIDER; (h) Spectral intensity and phase of the pulse retrieved by SPIDER; (i) Temporal intensity and
phase of the pulse retrieved by FROG; (j) Spectral intensity and phase of the pulse retrieved by FROG.

The average SPIDER trace for this case is extremely similar to the average trace for the previous
case. The SPIDER measurement again does not see the satellite pulse at all in the averaged
measurement. There is almost no background in the SPIDER trace. The averaged measured FROG
trace has slightly wider side lobes, similar to the lobe broadening of the autocorrelation. The retrieved
FROG trace has a different structure from the measured trace, with an extra pair of faint outer side
lobes (see Figure 4f) that indicate the presence of a third satellite (see Figure 4i). The G error is 0.0124.
The total energy in the retrieved satellite pulses is significantly less than the energy of the main pulse.
Their relative energies are 0.44 and 0.25, for a combined relative energy in satellites of 0.69. Of course,
the actual pulses are equal energy double pulses, and relative pulse energy derived from the measured
trace is 0.97. Even though the side lobes in the measured trace are broadened by the variation in
pulse separation, the relative energy in the two pulses is calculated with good accuracy. Each satellite
is temporally separated from the main pulse by an amount equal to the average pulse separation
in the actual pulse train (720 fs). The retrieved pulses have a small spectral chirp and have relative
phases of approximately 71/6, 0, and —27t/3 respectively. Running the FROG retrieval many times
(using different initial guesses) generates retrieved pulses that all have very similar structure and
nearly identical G errors. Some retrievals have positive chirp and some have negative chirp, and the
ordering of the intensity and relative phase of satellites varies due to the SHG time direction ambiguity.
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The general structure is quite consistent, however. The retrieved pulse separations are always equal to
the correct average separation of the double pulses measured.

4.3. Small, Correlated Phase and Separation Variation

While many reports of unstable multi-pulsing do not explicitly discuss relative phase, it is
likely that the relative phase is usually random. Some simulations show that, under certain unusual
conditions, the phase and the separation between pulses can vary together in interesting ways [19].
To explore this type of scenario, we include a third test case where the phase varies over a range of
less than 27t and follows a specific path as the pulse separation changes (see Figure 5c). The temporal
separation ranges from 590 to 800 fs while the relative phase varies from 7r/4 to 37t/4. This is case
contains a larger range of separations than earlier cases, and the side lobes in its autocorrelation are
broader and less intense as a result. The average spectrum is quite modulated due to the small range
of relative phases.
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Figure 5. SPIDER and FROG measurements of a train of unstable double pulses with correlated
separation and relative phase (case C). (a) The average autocorrelation is shown in red, and the black
dotted line shows the autocorrelation of a pulse with an average separation; (b) Average spectrum of
the double pulse train; (c) Polar plot of the pulse separation as a function of relative phase; (d) Average
SPIDER measurement of the whole pulse train; (e) Average FROG measurement of the whole pulse
train; (f) Retrieved FROG trace with G error 0.0016; (g) Temporal intensity and phase of the pulse
retrieved by SPIDER; (h) Spectral intensity and phase of the pulse retrieved by SPIDER; (i) Temporal
intensity and phase of the pulse retrieved by FROG; (j) Spectral intensity and phase of the pulse

retrieved by FROG.

The average SPIDER trace of this pulse train also has an envelope that is strongly modulated,
but the spectral phase retrieved from the trace is nearly flat. The retrieved temporal pulse shape has
two very low-intensity satellite pulses with relative phases of —77/2 and 77 /2 separated from the main
pulse by 700 fs, which is the average separation of the double pulses in the pulse train. The measured
FROG trace does have fringes in the center lobe, but they are blurred by the variations in relative phase.
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The side lobes in the measured trace are more diffuse than in previous cases because of the larger
range of temporal pulse separations. The retrieved trace appears much more similar to the measured
trace than in previous cases, but there are still clear discrepancies between the two. The retrieved
time-domain pulse shape includes a small satellite separated by about 700 fs with a relative phase of
—7/2. Interestingly, this satellite pulse has a different temporal width from the main pulse, unlike
retrieved satellites for other cases. This retrieved satellite is significantly wider, with a FWHM width
of about 250 fs rather than 150 fs. The difference in temporal widths is also visible in the retrieved
spectrum, which is more deeply modulated in the middle than at the edges because the spectrum of
the satellite is narrower. Despite the longer retrieved satellite pulse, the side lobes in the retrieved trace
are still narrower than the side lobes in the measured trace. Energy analysis of the trace gives a relative
energy of 0.98 between the pulses. In contrast, the satellite in the retrieved pulse has a relative energy
of 0.46. Even though the FROG algorithm does not give the correct relative energy, that information is
still present in the measured FROG trace.

4.4. Less Intense Satellite

In order to further test the ability of the proposed FROG post-processing approach to yield the
relative intensity of satellites from the measured trace, we include an additional case for FROG only
(no such post-processing appears possible in SPIDER because the measured SPIDER trace of an
unstable double-pulse is identical to that of a single pulse). In this case, we chose the second-pulse
relative energy and intensity to be 0.43 and allowed its separation from the main pulse to vary
from 600 to 900 fs. The range of pulse separations in this case is larger than in the other cases
considered in this paper. The averaged FROG trace and retrieval is shown in Figure 6. FROG retrieves
two low-intensity satellite pulses, but this is clearly not the correct pulse because there are no fringes
in the side lobes of the measured trace. Indeed, the measured trace is clearly that of a double pulse,
except that the central-lobe fringes are missing—indicating the presence of instability in the relative
phase. Post-processing of the trace is then in order, and it correctly yields a relative energy of the
second pulse is 0.43, despite the confusion of our FROG algorithm. As an aside, we should mention
that, in principle, a new, improved FROG algorithm, trained to recognize such unstable pulse trains,
should be possible.
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Figure 6. FROG measurement of a train of pulses with an unstable lower intensity satellite pulse.
(a) Average FROG measurement of the whole pulse train; (b) Retrieved FROG trace with G error 0.0115;
(c) Temporal intensity and phase of the pulse retrieved by FROG; (d) Spectral intensity and phase of
the pulse retrieved by FROG.
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5. Conclusions

Using calculations and simulations, we show that, in the presence of double-pulsing, the SPIDER
technique cannot see a second pulse at all when its relative phase varies from 0 to 27t. This conclusion
holds regardless of whether the temporal separation of the two pulses varies. Thus, SPIDER is utterly
incapable of guaranteeing that the output of a laser is free of double-pulsing since multi-pulse averaged
measurements are nearly always used.

In addition, even very small variations in the pulse relative phase result in SPIDER significantly
underestimating the intensity of any satellite pulses. Thus, it will be extremely difficult to see even
a slightly random satellite pulse if SPIDER is used for the measurement.

While SHG FROG tends to underestimate their amplitude, satellite pulses are clearly visible
in SHG FROG measurements. Such satellites retrieved from SHG FROG traces accurately yield the
correct average of the pulse separation if and when it varies. There are also clear structural differences
between measured and retrieved FROG traces when pulse-train instability is present. Specifically,
their average discrepancy (error) is large compared to that of a quality measurement. Such a large
discrepancy is a clear indication of instability, as is also the case for other types of pulse instability.
(Interestingly, for many years, such discrepancies were erroneously blamed on “non-convergence” of
the FROG algorithm).

We also find that simple observation of the measured and retrieved FROG traces provides clear
indications of the measured pulses. For example, the three-lobed trace structure is a clear indication of
double pulsing, and missing center-lobe fringes is also a clear indication of relative-phase instability.
As an example, we demonstrate that the relative energy of the two pulses in the double pulse can be
retrieved from the trace directly, even when the temporal separation of the two pulses is not stable.
We conclude that comparing the measured and retrieved traces allows FROG users to have much
greater confidence in whether instability is present in their lasers, and therefore to have greater
confidence in the correctness of their measurement.
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